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* __’__Exew:ises: [4'2 s V:L:nalﬂsl'i’ 44 s obvious from 43, 43 will he done move aenera”a]
41| frop: © di¥) = xeld I8P ~mll,, = s [ImP-ax |, [‘é']ﬁr:a?\;‘ -]

Ta A mox o tf = s t [ﬁ] wadok
@ ) = ""35“0'“&9‘: &P I ﬂ,:eP'P [P v T mVEP ")*?t"” P* nw

_E‘F_:_ EA'] follows because P is cow\rmc‘b and /AI")"}APt—‘}t'”w, (}A,)))I—)l’)APt'VPtPW
are conbinuous functions => use Exbreme Value Theorem.
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@(é) Obvious.
(3) VoeP, " uf-vP & S 5.5 -Pt ||, [previeus proof ]
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PR Let (%, %) be the optimdl muﬁlig of i ond i st Ryzpy and B, =r.
Then, [pi-21], = POG#Y) for i=beon.
Let (X?7Y.') be ino’epenolen'b for t=l,.sn, and letb X=x",Y=Y"
(%,Y) is a Coug\i!% of pm and » because fx =p and R =v.
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@ Coeffiderts of E\’%odic.'\{:%_;

- iwbvod'u-ced in the context o cwnvergence rates of finte ;"}‘OMOQeneous MCs
- e“8°d'a”a= 10"3-{73'”” behaviour of products of stochastic matrices

* Weak Erﬂoal‘c]hii ‘mhovwogeneous MC
Let isk}h,l:e a seguence oFf nxn vow stochastic matrices, and T(P’r)_—é TTSPH.
1=

[&F_&[Ka'moﬁorov) iS,,_} is Neak’g eraooll'c if Vl:,j,séi |7-"7‘"} and P>, o,

im ¥ (s
v!-l-nao_r;-s(P )"Tjs . =0.

WSO‘F Pmoluc& e?}AﬂhEe and become ino‘ef- of

it ot Nt thot T dos ok necessarily bend o o
Rewark: TFin addibhion, Vi,s€fb-m},pr0, liwn T exists , bhen $it, s shony
eggod\'c. (A\so, zll vows bend o some X, and I sb. M 5 A &> vp20, T4,
N Con‘\?mc{ﬁ on Gﬁ-m'dewl:.‘

Call ores <o) vector
Dﬁf."_ A coe‘FPicie,nb aF e,rgoAFC'JfH»_ ”l() is a covvh'nuous -Func—b‘oy\
marbrices to [O,l:l,u Suchu a coeffcient 1 proper s 'Q(S):o & S=1p

tnxn .ma“:ﬁ
for some pan P(or eguivalen‘ugy mn\t(S):l), stech i’
Thm: {Su?t__, is Wenlcl% e!aool"c f and only i VP)O-, li:“oo”fl (T(”"’)=o,
where () is a proper coefficiert of e@ic’r_bg-

/ A . 4 as v->00 (bﬁmﬁ“dkl’e’ﬁx > WPz
A _E'F__ (—->) 1Se% wenlt(% erzod,c co,q-b'nu'rhé, ).

Jrom sto chastic

& T(P’r) becomes vank
= fq_(‘r(f”ﬂ)-—)o as r->07 by

- Suppose Yp 20 mq(‘r“’“’)so and 1518, is not weakly egodic.
Dbsexve: Let C= {M nxn stochashic | M=4p for some prrrp P}, Then,
6,3 weskly evqodic £ 200 [ Kl m-T®) = ©-
‘/’—f—a'
. = dis’cav\c‘-'- (T{P'ﬂ ? C)
Hence, 3 {Yn} su_bSez.oFiT}, Je>0 st ;fc “M_.T(p,r..n "FW >¢., Ym [-Fo'r some 97,0],

Since Sv[:::d\aS‘lﬂ'c mabrices are wW\pacb, T(P’r""‘)—PP*s-l;oc\nasEc [w\-\en!. we g

use a mbse@uenae Ff ImY if necessay by Rolzane-Weierstrass Thm) -

SO, ol(T(P,f‘m))—-) 'Y],(P*) 08 P00 [cwﬁﬂu?ba of "1.] . and ﬂ-(ir{?’r”\’)—?O as Yy —>00

bg QSSuW\O’Hom. Hence, ﬂ(P*):O ana[ P*éc,, “'l";c’)" s a contradiction.
v

RCVMYL: I-Fis\& s how\o%eneous wi’H’\ S\«-"'S, then 1 weﬂu'd, evﬁociic
f and ov{% T ‘;roe "L(ED =0. Note: 1f n(§3 é_iL(Sf [sul:mu\—lﬁp\'tca'&ue] :
OV fhen sudr convergence is €acy +o prove.
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o Tnformation Theoretic Examples :

DGF (CSlS‘-zaV7 Morimeto > N"Sv'»etb Griven @& @MEX function §. B — R st. £ =0
and @) s s{'ho'bla convex ot +=1 (,e Vxry st Ax+Ay=z| or any re(o)- -F(|)<7‘+(x—)+ﬂ'(~a)3

Vﬂ,ve? D_F()lnv) Zv(ﬂ—f'(ﬁi—-) is the F- d\MVgence between /Uanol;)

Remerks £(0) = Jim #6), 0£(§)= 0 of(5) =,

_12!29'25— ® 'F('&) 'L”og({,') —>» KL o'u/erae,ncz
@ f®) = -1 — xz Au.evaence
ORIGE —'5_“:'![ —> toldl variation distance

"m s%(-'*) =5 “‘”‘ ‘“c(s); Vr>0.

P’(DEQY‘he‘S @[an—neaa{ﬂw ] 'ﬂ}.&,ve? D‘FC’“””) >0 with %ertg F )A'_'v'
@ [Jont CD“VEXH‘:H] (p>¥) > D;(j*"v) is Jom‘Hj onvex.,

Exem\;e 43— ® [‘Dah becessmg ﬂieqpaﬁ] V)u,v 677 D(}AF "vP)4 D_F(}‘n 7’) -For s-boc)ms%‘lc
&)=z izal. watrix P
Proof: Lemma. (Ee._rspe,c.%ive, FW‘C{"‘WD £ B > B, Hp) convex <-=>G”‘Il)"’u;f(q) onvex,
PR (&) Set g=1. e
(=) Fix 2€[,1, A2 (-A. Observe that:
(?\$.+7\_1;\)-F_Z‘_EIZE—= A9, —%—Z‘F(_’_j{__f_ Az
(7\%*7‘1}) (g2 Aq i+, M ﬁ%ﬁ;_@l—z
7\%‘? )“" W‘Zz‘F( ) [—F covwcx] 7
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@ Obvious Sfom lemma,

® Fix ye and leb ZP* ZP(«,%). Observe bhat:
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Mmeasure  exgy \'c'\{'ﬂz wrt D‘F(")

Bl x
jrbies: v €7, De(uPI»P) <7 (P) D¢ ().

Def: (Con-tmc:ﬁon Coetbicient) For a shochastic matrix P, we defire:
2 sup D.;:(,MP ":DP) .

ﬂ‘-F(P = WYEP DY
0<6:;(;\l§z§m De(11»)

shrong doto _groce,ssiﬂg Ineua

This %‘wes
:n‘_m.': ”’.{-’() satisfies the —fo"ow,'ng..
O o<,

@ P me(P) s convex,

® Pr> (P s cordinuous on the rterior of
P =41 for some q:c?]

W
@ My(p)=0 <> wP)=1 [©
v n i dence
s > 1eC) is o proper cocthiient of erpdity T orresponds o indepencercs
_E'EE @ Obvious form DPI and non-m.gl-l;iv}hd e D‘F(" )
M is convex In P as DGl

@ Fix uy €P st 0<Dp (rl1») <00 Then, PH>
4 ) De(» 1) .
e P y() is o paniise upremim TS TS

a.n 54500}'09‘36 vm{:n‘ces:

& Xand Y &?y,,(“:

Is Joian onvex.
- is conveX.
@ Evexa convex fun cbion s cotinuous en +the interior &+ Hs domain (use @)
@ &) P=in S pf === Dy(pP[2P) = O s Y €P = ne(P) = O.

) 1,(P)=0 > Y P, o<De(uI¥) <00, D(uP[»P)=O
& Yp? EP st O<D+O*"v)<°°-p /)\P:))P

= o€ relint(P) , (2 =
w0t s l?f::(?g)whm ME relirt(P). So, Vv_l_ﬂ.,gc¢os_1,—_

(ﬁw ) vlii, 3c#0 shopteV =p ETE
V= c(p-») for )A,vevehwb(?).) o veckor ‘
> VyLd, WP=0, e (Foral(P) = V6" V1 =O% ard iy (P) = -
I @mnv_(P = m
@ Doeb\in M‘mori za-[flor_\_;_ ):See pvpo‘F f Convergence T n Ch. 4:_'
¢ Doeblin Winorizaion condibion: A Markov marbrix P_SA"%'-‘F'.CS Hhe minorization condition
£ Jgelo), 3 neF st p Zw‘.éviqttwweﬁr.gwise. ):9: l—e:“‘/vwinorizafb'on ot
Thm: If P satishes Doeblin minovizabon, then 'YL?(P)éG_
Pf: Patishies minorizabion =7 /f} 2 P-BAT isa validl stochastic ma'br?x,__
Lot Ey dencke the o dhasbic. mabrix )¢ an evasure channel  with vab. © o erasure.
T;len, P = nre._l (o) 5] ﬁ } =E6T‘
OTO b ﬂ'" ¢ ] wils on nusek
.__...--—y-—-‘"‘_"e T;..-—-—r-'—""“ el ‘/P— 1 _ (p\\p(.'w |
Y py (4o [VF0) =D¢ (6455 | & +5%) <oy(rl?

e T
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@ Dobrushin Conbroc tion Coefbicient:
e _r.g_rﬂ-'mc'ﬁo\n coe‘q:icien'l: for _k_,{al Yg'@'ﬁ?&iisﬁn_n_cg,

- (P) for T =F K- s th

Def: (Dobrushin Coefficient) For a MC Py Mny(P) = S8y _":‘]_‘,_'f_:y”"ﬁf’ o TG
S T .

Prop: (Various Rcrwesen-éaﬁohs) Nw(P) =J'l“j,’,‘],'=. IvPll, i’Z;:‘l “F(x,-)-P(ﬂ,jE = 1~ i tze;nman{&zji.

e 1y AH) [romchd], e Fmepepl, ) ;;;ﬂmﬂli%

Tho: (Roperties o ) N e

O VP, A(P) 7 () [(obemKempermanm, B n22

@ (Lpschite cortinaity) VBB, [tv(R)~ )| < IR,
@(Subdominavrl: Eiaenwl(ue BOund) |7\\SV\W(P) for all el'%e'walues A#| of P [Bauer, Dar'?sch,S‘ber]
of db)

@ (Submulﬁpliarﬁve f’mfer‘l*"d-) N (3 Pz) < "’Lw(ﬁ)"ln(&) [Do\aruskin <« aenem\;ze; sub-mub prop
Pf: @ we in Ch. 4.
i 06 et NPy Ww(R). Ao, let Ary(P)= VR, for some V14, V= 1.

2> o< [Ivhll - %""“t&"' < VRl - VB, < IIve-R)] = (67 v, € IRT=E ], = (- Pelle.
wl ) v € 7in(®:) 'ZE"L"&\”:{ Lo

"lw(f’z)
@ (Real subdominart e‘naev‘valua case) T8 A#l is an ei%enw\(ut of P then zP=Ax for some
vow vechor 2. Since PL=F 1, »Ll (left and riahb eves corvesp. +o distinet ewvals ore 1) .

let [xl=1. Then, we have: .
A= bl = IxPlL S Ve NPl = v (P).
viil

- some row vector % st. lxlfland 211,

@ Leb Mn(RP) = [|2AE], % :
et y=zf > pyl1 ond N TRl = i

el
=2 'VLN(P;PL) 2 "’lPi P‘z."' = " “'xﬁ“( la?z ‘L = “zf\ \l\ n‘afz_“' < fLw(P,)ﬂw(Pz),

o why () s wsehil, The secord bryest eigenualue modulus (SLEM)

ence to s-lruruomr}é%, b # s not Sub-mul-\':?p'iorﬁve.

Remark: © and @ sho
as s 5ub—muwf'c‘m-b'w,

conbrols the vate o conve

N () bounds SLEM and allows conversencp_ ana [3-51‘5
e
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